How do people solve the explore-exploit trade-off in a changing environment? In this paper we present experimental evidence from an "observe or bet" task, in which people have to determine when to engage in information-seeking behavior and when to switch to reward-taking actions. In particular we focus on the comparison between people's behavior in a changing environment and their behavior in an unchanging one. Our experimental work is motivated by rational analysis of the problem that makes strong predictions about information search and reward seeking in static and changeable environments. Our results show a striking agreement between human behavior and the optimal policy, but also highlight a number of minor differences. In particular, we find that while people often employ suboptimal strategies the first time they encounter the learning problem, most people are able to infer and adopt the correct strategy after minimal experience. In order to describe both the manner in which people's choices are similar to but slightly different from an optimal standard, we introduce four process models for the observe or bet task and evaluate them as potential theories of human behavior.
Introduction
There is a scene in the film The Imitation Game in which Alan Turing receives a cheque for 100,000 pounds from Prime Minister Winston Churchill. The money is to fund continued research and development of a machine that can "break the Enigma code" used by the Germans in World War II. Concerns about the veracity of this scene notwithstanding, Churchill's decision to fund the project can be seen as one in which he observed some encouraging information (e.g., Turing's achievements as a cryptographer and mathematician) and then made a 'bet' on a particular outcome. Churchill received no immediate feedback on the bet -indeed it took Turing and his team several years to build the code breaker -but it was a good bet, the machine was built and many historians agree that the ability to read German military communications shortened the war considerably.
Consider a somewhat more mundane decision with a similar structure that is, literally, closer to home. The development of technology to monitor home-energy use provides consumers with increasingly fine-grained information about the impact of different appliances on overall electricity consumption. In an effort to reduce consumption one can explore different patterns of use, such as the level at which a thermostat is set for hot water or air heating/cooling. This requires perhaps trying different settings (on a daily basis) then observing the impact on daily estimates of electricity use (which many monitors provide). However, after some time, this process of daily changes and daily checking becomes time-consuming and so, like Churchill, one can make a 'bet' on a particular value and then "set and forget". One still uses water and air-conditioning daily -thus making an active choice -but the feedback is again delayed. Typically it only comes at the end of the quarter when the bill arrives. Only then do you find out whether your initial observations of energy use patterns resulted in a good bet when you set the thermostat.
Our focus in this paper is on a laboratory task which shares some of the fundamental features of these situations. The task presents a very clear distinction between information that is obtained via observationbut is not associated with any immediate reward -and actions that can lead to rewards but for which only delayed feedback about the (non)occurrence of a reward is available. Specifically we examine the "observe or bet" task, introduced by Tversky & Edwards (1966) in which the decision maker has a number of options available, each of which may yield rewards or losses. On each trial, she may choose to observe the state of the world (i.e., do research), in which case she gets to see what rewards each option provided, but receives no reward nor suffers any losses. In the original formulation of the task, there are only two possible options to select between, and on every given trial exactly one of them provides a reward.
1 Alternatively she may pick one of the options (i.e., bet on it) and receive the rewards/losses associated with that option at the end of the task. However, when she does she receives no information at that time: the outcomes are hidden from her. By separating information from reward so cleanly, the task provides a very pure means by which to assay the explore-exploit dilemma (e.g., Mehlhorn et al., in press; Cohen et al., 2007; Hills et al., 2015) .
Moreover, we are interested in how people deal with this very stark form of an explore-exploit dilemma when there is some possibility that the world can change (cf. Knox et al., 2011; Gureckis & Love, 2009; Daw et al., 2006; Speekenbrink & Konstantinidis, 2014 . For example when the electricity company might change the amount they charge for electricity used at different times of the day or night. This combination of static and dynamic environments and a task in which exploration and exploitation are pure and clearly defined enables us to go beyond most existing work on more typical bandit problems. In standard tasks the actions that yield information and the actions that yield rewards are often conflated (e.g., Robbins, 1952; Steyvers et al., 2009 ; though see Sang et al., 2011 for an exception) thus making it difficult to assess how people balance the relative value of these actions under assumptions about stable or changing environments.
Our approach allows us to examine how environmental-dynamics affect how people decide to start, stop and possibly restart searching for information.
The observe or bet task is an example of a sequential decision making problem that has analogs in statistics (Wald, 1947) and machine learning (Kaelbling et al., 1998) . Typical discussions of the inference problem suggest that the behavior of a rational agent is remarkably simple. One should make a series of observations at the beginning of the process. Once the amount of evidence accrued reaches a critical threshold, the agent should shift whole heartedly to reward taking, picking the best observed option and betting on it with every subsequent action. The optimal strategy bears a very close resemblance to standard sequential sampling models of simple choice problems (e.g., Ratcliff, 1978; Vickers, 1979; Ratcliff & Smith, 2004) . In fact, because the "right" thing to do in these kinds of problems tends to be "explore first, then exploit", there are a number of decision making problems in which the explore-exploit problem is framed in terms of an "optimal stopping" problem in which the problem that the learner has to solve is to work out how much information is required before switching from exploration to exploitation (e.g. Lee, 2006; Todd & Miller, 1999) .
Nevertheless, human participants given an observe or bet problem frequently fail to adopt this strategy (Tversky & Edwards, 1966; Rakow et al., 2010) . Typically, they start collecting a critical mass of information as the rational strategy suggests, but then fail to fully commit to a decision. Although people start to place bets, mostly but not exclusively on a single preferred option, they frequently "switch back" into exploratory behavior, forgoing rewards to collect new observations quite late in the task. Similar results are found in related tasks (Sang et al., 2011) . This violates a basic assumption of existing rational analyses of the task: if the decision maker really believed that more information might be useful, he or she should have collected it at the beginning when it would have been most useful.
Why do people do this? One possibility is simply that people are unable to understand or produce rewardmaximizing behavior, as suggested in early work on the problem (Tversky & Edwards, 1966) . However, another possibility is hinted at in the original data set collected by Tversky & Edwards (1966) : when people were told (falsely) that the reward distribution might change over time, they tended to make many more observations than when the reward distribution was expected to be static. Perhaps people's behavior in the static task reflects the fact that most real world problems are dynamic. Recall, for example, energyconsumption needs faced during different times of the year. Choices that were a good idea in the past may no longer be good ones in the future, and strategies that are optimal in an unchanging world may be highly maladaptive in a dynamic world. If people are accustomed to making choices in a dynamic environment and use strategies that are appropriate to such an environment, studying their behavior using static tasks may be highly misleading.
Human behavior in dynamic environments has been studied with respect to several problems, including bandit tasks (Daw et al., 2006; Speekenbrink & Konstantinidis, 2014 , decision making biases (Ayton & Fischer, 2004) , prediction tasks (Brown & Steyvers, 2009; Osman & Speekenbrink, 2012) , risky choice (Rakow & Miler, 2009) , sequential effects (Yu & Cohen, 2008) , probability matching behavior (Green et al., 2010) and categorization (Navarro et al., 2013) , but to our knowledge there are no studies investigating how genuinely dynamic environments affect how people approach problems -such as the observe or bet task -in which information-generating actions are separated from reward-generating ones.
2 Nevertheless, the relevance seems obvious. Perhaps people's tendency to alternate between information search and reward taking is a consequence of the fact that most real world problems are dynamic. Intuitively it seems plausible to think that people's tendency to shift back and forth between information seeking and reward taking is a sensible strategy in a dynamic environment, but there are no rational analyses of the dynamic task that could be used to generate more detailed predictions than the rather trivial suggestion that "more observation" might be worthwhile.
Given the absence of any normative standards or empirical data in this area, our goal in this paper is to provide both. The structure of this paper is as follows. We first describe a rational analysis of the observe or bet task that produces optimal decision policies for the static version of the problem as well as the dynamic one. We then describe two experiments that explore how people make choices in both versions of the task, as well as how people learn to adjust their decision strategies across repeated experience in the task. We then introduce four process models for the observe or bet task that are capable of making trial by trial predictions about human behavior and discuss their connection to the rational analysis of the task. We evaluate the process models as candidate explanations of human behavior, and use them to shed light on how people learn from experience across a series of observe or bet tasks, as well as to characterize the different strategies that people use in different environments.
Optimal decision policies
To motivate the experimental work, it is useful to understand what kind of behavior is consistent with optimal or near optimal decision making in the observe or bet task. In this section we discuss the key features of such an analysis, since the complete specification of the ideal observer model is somewhat technical (it is discussed in detail in the Appendix). We focus on a 50-trial observe or bet task, in which the learner knows that they have a total of 50 actions (observations or bets) that they can take before the task ends. To solve this problem effectively, the learner must strike the right balance between information collection and reward taking. Suppose that on any given trial there are two possible outcomes, A and B. For instance, in the original work by (Tversky & Edwards, 1966 ) the two outcomes a learner could have observed were "left light turns on" and "right light turns on". At any given point in time, the learner has access to a set of observations x t = (x 1 , . . . , x t ) where x i denotes what was observed on trial i, which might be A, B or ∅ (i.e., nothing). For instance, if the learner had observed an A on the first and second trials, observed a B on the third trial, but had placed a bet on the fourth trial, then the set of observations available after four trials would be written x = (A, A, B, ∅). Using these data, the learner needs to infer θ t , the probability that the outcome on trial t will be A. More precisely, on trial t the learner has some belief state b t that captures all their knowledge and uncertainty about the true value of θ t . If the learner is a Bayesian reasoner, then this belief state is identical to the posterior distribution over θ t , so we define b t := P (θ t |x t ). In a static environment where the outcome probabilities do not change over time, we can drop the subscript on θ. In such an environment, it is always the case that "yesterday's posterior is today's prior", and Bayes' rule prescribes a belief updating mechanism that takes the following form:
When the world can change, the simple aphorism relating priors to posteriors no longer holds, and the belief updating prescribed by Bayes' rule now requires the learner to take account of the possibility that something has changed in between the last trial and the current one,
and for the purposes of the current paper we assume that the learner relies on a simple dynamic theory in which the value of θ is redrawn from the prior with probability α, but otherwise remains the same. This change model is a little simplistic, but it makes a good approximation to the actual change mechanisms used in our experiment, and it also has the advantage of being consistent with other change detection models in the literature (e.g., Cohen et al., 2007; Yu & Cohen, 2008; Brown & Steyvers, 2009 ).
3
The critical thing to recognize is that the Bayesian analysis discussed above is only one component to learning a decision strategy. All that the Bayesian analysis tells us is what an ideal learner should believe about the task at each point in time: it does not say what that learner should do. The posterior distribution P (θ t |x t ) describes the belief state b t but it does not provide an explicit guide to action. To compute the optimal decision strategy, we employ methods from the reinforcement learning literature, which allow us to assign a utility to each belief state using Bellman's equations (see Bellman, 1957; Kaelbling et al., 1996) :
where r(b t ) describes the reward that the learner expects to receive on trial t, and P (b t+1 |a t , b t ) describes the probability that the next belief state will be b t+1 if the learner takes action a t on the current trial. Once the solutions to Bellman's equations are calculated (via dynamic programming methods such as the value iteration algorithm; e.g., Kaelbling et al., 1996) , we can read off the optimal decision strategy by assuming that the agent selects the action a * that maximizes the expected utility of the next belief state. This optimal decision strategy is an example of a Markov decision policy (MDP), so-called because it satisfies the Markov property in which the action depends on the (belief) state of the learner. For more details on the dynamic programming involved see the Appendix.
What is the optimal strategy?
As it turns out, the optimal decision strategies for the static and dynamic versions of the observe or bet task are fairly straightforward to characterize. Although the belief state b t describes a complete distribution over θ t , for the purposes of working out what action to undertake the learner does not really need all that information: in the static task, it turns out that the optimal action is almost perfectly described in terms of n a − n b , the difference between the number of As and the number of Bs that the learner has observed so far. If this magnitude difference score exceeds a certain "evidence threshold", then the optimal action is to bet on whichever outcome has been more frequently observed. If the difference does not reach the threshold, then another observation should be made. The implications of this decision strategy are spelled out in Figure 1a , which plots the thresholds for a 50 trial observe or bet problem as a function of the trial number. At the start of the task, the optimal threshold implies that the learner needs to have observed 4 more As than Bs (or vice versa) to justify making a bet. However, the threshold value declines over time. On the final trial of the task it is never better to observe than to bet, as there is little point in collecting new information when the experiment is about to end. The trial number is plotted on the x-axis, and the amount of evidence (number of As minus number of Bs) on the y-axis. The solid lines plot the decision thresholds, i.e. the amount of evidence required to justify betting. The dotted lines show the actual behavior of an agent following the policy. In a static task (panel a) the optimal decision policy leads to a pattern in which the learner observes until the evidence threshold is reached, and then bets thereafter. Black and white dots denote trials where the learner observed outcome A or B respectively, and grey dots corresponds to trials where the agent bets. When the learner believes the world can change (panel b), the evidence value actually corresponds to the estimated difference between the number of As and Bs since the last change, and it decreases over time unless observations are made. As a consequence the agent continues to make occasional observations later in the task.
In practice, the behavior of an optimal agent in the static task agrees with the description given by Tversky & Edwards (1966) : the agent makes observations on every trial until the difference between the two outcomes exceeds a threshold, and then bets on the more frequently observed outcome for all subsequent actions. This behavior is illustrated by the dashed line in Figure 1a : each black dot denotes a trial on which the learner observed outcome A and each white denotes a trial on which outcome B was observed. Grey dots depict trials on which the learner chose to bet. At the start of the task, the agent makes a sequence of observations, and as a consequence the amount of evidence accrued jumps up and down as a function of the outcomes that the learner experiences. Eventually, the observed evidence level jumps above the threshold (solid black line) and the agent starts to bet. If the learner believes that the world is truly static, then placing a bet introduces no change in the learner's belief state, so the evidence accrued remains flat and the learner continues to bet for the rest of the task.
The optimal decision strategy for a learner who believes the world can change is similar in some respects, but strikingly different in others. Firstly, when the world can change the evidence is not characterized in terms of the total number of As and Bs observed since the start of the experiment. Rather, the critical quantity is the number of As and Bs observed since the last time the world changed. However, since the learner does not know precisely when the world changed, the actual quantity of interest is the learner's best guess as to how many As and Bs have been observed since the last change. More formally, the relevant quantity is the expected number of As and Bs observed since the unknown change point: the Appendix discusses how we compute this. The important consequence of this difference is that the evidentiary value of older observations declines over time: old data should only be included in the evidence tallies if the world has not changed since those observations were made. This is illustrated in Figure 1b . As before, the model begins by making a series of observations until a critical threshold is reached and then it starts betting, always placing bets on whichever outcome it believes to have been the more frequent one. However, because it receives no feedback during the betting phase the evidence total decreases, pushing the model's "confidence" back below the threshold. At that point the model starts to make observations again until the confidence gets pushed back above threshold. As Figure 1b illustrates, this means that the model starts the task by making a long run of observations, but then it tends to switch into a phase of alternating between runs of bets and runs of observations, always seeking to keep its confidence above the required level. Finally, there is a tendency for the task to end with a long run of bets, caused by the fact that the thresholds themselves start to collapse back towards zero right at the end of the task.
One additional difference between the static model and the dynamic model is worth highlighting: the evidence thresholds shown in the two panels of Figure 1 are not identical. The thresholds in the dynamic world are lower than in the static one. This difference occurs for a theoretically important reason. In a static environment, it is perfectly sensible to require a lot of evidence to justify your decision making: the rewards will still be there when you switch from information collection to reward taking, so it does not hurt to be patient. In a dynamic world, you need to "strike while the iron is hot" because the world can change on you. A learner who patiently collects lots of evidence in a dynamic world can easily lose out because the world changes before he or she has the opportunity to take the rewards. This effect is illustrated in Figure 1 . In the initial phase of observations, the dynamic model begins to bet after only seeing three observations. The static model sees the same three observations, but does not start betting because it requires more evidence to justify betting. As it turns out, the static model waits until eight observations have been made before it begins to bet.
Deriving experimental predictions using the optimal policy
Finding the optimal policy even for a simple task like the 50 trial observe or bet task is computationally expensive, and it seems highly unlikely that human participants are able to do so. However, this does not preclude the possibility that people are able to reason about the task sufficiently well to be able to devise a strategy that approximates it fairly well. Given this, it is useful to give careful consideration to the qualitative differences between what the model predicts people should do in the static task, and what it predicts they should do in the dynamic task. If people really are sensitive to the possibility that the world might change, then at a minimum we should expect people's strategies to shift in a manner that qualitatively agrees with the shifts made by an ideal observer when the reward structure is dynamic.
With that in mind, we ran simulations using the two versions of the model. For the static model, we generated 5000 random outcome sequences, each consisting of 50 trials, in which the true value of θ (i.e., the probability that the outcome will be A) was 0.75 and applied the MDP model to that sequence. For the dynamic model the simulation was similar, except that for each sequence we also selected a random change rate parameter α (between 2% and 18%) for the model and for the data sequence.
5 These simulations allowed us to count how often the model chose to make an observation, broken down by trial number. The results are shown in Figure 2a . In a static environment (solid line), the observation rate drops sharply over the first few trials, and then continues to gradually decline towards zero throughout the task. In the dynamic version Results of simulating the optimal decision policy in a static world (solid lines) and a dynamic world (dashed lines). Each plot was constructed from 5000 simulated experiments, and shows the proportion of trials on which the agent makes an observation, broken down by trial number. For the static world, the true change rate was always fixed at 0%. For the dynamic world, the change rate varied randomly between 2% and 18%. Panel b plots the difference between the two curves, highlighting the qualitatively important prediction: observation rates in the dynamic world should be substantially higher late in the task, but slightly lower early on.
of the simulation (dashed line) the initial decline is even sharper: as suggested above, the optimal policy in the dynamic task genuinely does favor an earlier shift from observation to betting. However, because the dynamic task also motivates the decision maker to shift back and forth between observation and betting, the overall observation rates plateau through the middle phase of the task. It is only over the last few trials that the model shifts to a pure betting strategy, because the approaching deadline removes much of the motivation for continued information search. An important point to recognize is that, while the simulations rely on specific parameter choices, the qualitative characteristics of the curves in Figure 2a are more or less invariant: they emerge as a natural consequence of the solution to the decision problem as illustrated in Figure 1 . Given this, while we might not expect human performance to precisely match the observation curves in Figure 2a , we should expect that differences between the two versions of the task to be robust. Specifically, if we plot the differences between the two curves, as shown in Figure 2b , we obtain a very striking empirical prediction about how human performance should differ in the two versions of the task: for the first few trials of the experiment, there should be a widening gap between the two conditions in which people actually observe more in the static task than the dynamic task. This difference should then rapidly reverse, and for most of the task there should be more observation in the dynamic condition. Finally, the difference tails away towards the end of the experiment. The difference curve in Figure 2b represents a much stronger prediction than the obvious intuition that "people should explore more in a dynamic environment". Each aspect of this prediction ties to fundamental characteristics of the MDP analysis: the initial part of the curve reflects the need to strike while the iron is hot in a changing world, the middle part reflects the need to constantly monitor a changing world, and the tailing away at the end reflects the fact that the oncoming deadline removes the value of exploratory action in both environments. Given the quite unusual shape of the curve in Figure 2b and its tight links to the underlying rational analysis of the task, this represents a strong prediction. In the next section, we present an experiment designed to test this prediction.
Experiment 1
3.1. Method 3.1.1. Participants
Data from 614 USA-based participants recruited via Amazon Mechanical Turk are reported: 56 participants were excluded for not making a single observation at any point in the experiment. A total of 246 participants self-identified as female, 363 as male, and 4 selected other/undisclosed. The average reported age was 33.2 years (sd = 15.8). The experiment took approximately 10 minutes, and all participants were paid $US0.60 regardless of their performance.
Procedure
The experiment was delivered online via a dedicated website. At the start of the experiment, participants were told they were taking part in a guessing game that involved "blox machines". The image of a blox machine showed two lights, one red and one blue. The instructions explained that on each trial of the experiment one of the two lights would turn on, but they would not necessarily be shown which light turned on. Each blox machine has a bias, explained using the following text:
The lights turn on and off in an irregular way, but with a bias. Some blox machines are biased to turn on the blue light more often, and others are biased to turn the red light more often.
Participants were randomly assigned either to a static condition or a dynamic condition. In the dynamic condition, it was explained that the bias for any given machine is not fixed:
A blox that used to be biased towards red can sometimes change its bias to blue, and vice versa. This doesn't happen all the time, but you should expect to see it happen a few times during this task.
No additional details were given to participants about how strong the bias is, nor were participants in the dynamic condition given any other information about how often changes might occur.
The instructions then explained that on each trial they could choose one of three actions: "guess blue", "guess red", or "observe", each corresponding to distinct buttons on the screen.
6 If they observed, they would be shown which one of the two lights turned on, but would forgo any opportunity to receive any points. If they guessed, the experiment would indicate that their guess had been recorded, but did not give any indication as to whether the guess was correct. The instructions explained that each correct guess would earn 1 point, and each incorrect guess would lose 1 point, and that the object of the game was to maximize the number of points gained across a total of 50 trials (the trial number was shown on screen). They were told that they would play a series of 5 such games, each with a different blox machine. To capture the "delayed feedback" idea, participants received feedback about their performance between games. The feedback given was quite detailed: at the end of each game participants were shown a graphical representation showing exactly which action they took on all 50 trials, as well as what the blox machine did on each trial. It showed which trials they won points for and which they lost points for, as well as giving them a final score. At the end of the experiment participants were given a completion code to claim payment via Amazon. Table 1 : Example sequences used in the experiment. This particular pair of sequences corresponds to Game 2, Version 1. The two sequences are identical up to the change point (marked with the vertical line), which occurs on trial 17 in this instance. Prior to the change point, Option A (black dots) occurs more frequently. After the change point, in the static condition this trend continues, with black remaining the more common outcome. In the dynamic condition, all outcomes after the change point are reversed, so Option B (white dots) is the better choice after trial 17. Participants were not told the specific nature of these changes.
Static:
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Materials
The sequence of outcomes produced by the blox machine was fixed ahead of time. There were 2 betweensubject conditions (static and dynamic), 3 between subject "versions" (discussed below) and 5 within-subject games, yielding a total of 30 distinct outcomes sequences listed in the Appendix. For the static condition the sequences were generated pseudo-randomly. Across the 15 sequences the average proportion of high frequency outcomes was 78%. Red was the high frequency outcome for 7 of the sequences, and blue for the other 8.
The stimulus sequences in the dynamic condition were constructed from the static sequences via the following procedure. A "change point" was selected (constrained to lie between trial 15 and trial 35): all outcomes prior to the change point were exactly identical to their counterpart in the static sequence, and all outcomes after the change point were reversed. An example of a sequence produced in this fashion is shown in Table 1 . For all three versions of the dynamic task, 4 of the 5 sequences were altered in this fashion, and one was left unchanged: given 4 changes across 250 trials, the empirical change rate in the task was 1.6%. Across the 12 altered sequences, the average rate of the high frequency outcome prior to the change points was 75%. After the change points, the rate of the now low frequency outcome fell to 21%.
The location of the change point in every game is listed in Table 2 . As the table makes clear, participants in Version 1 of the dynamic condition did not see any changes during Game 1, whereas in Version 2 it was Game 3 that did not contain a change point, and in Version 3 it was Game 5. In these cases the stimulus sequence was identical in the static and dynamic versions of the task, allowing us to examine the "pure" effect of expectations about change independent of any effects of the stimulus sequence itself.
Throughout the results, we refer to Option A as the high frequency outcome in a static sequence, regardless of whether that corresponds to the red or blue light. In the dynamic condition Option A refers to the option that is initially high frequency, but later (in 4 of 5 cases) becomes low frequency.
Results

Observation behavior at the aggregate level
The proportion of participants making observations on each trial of the experiment is shown in Figure 3 , broken down by condition and game number and averaged across the three different versions. The results follow the same basic profile predicted on the basis of the optimal model shown in Figure 2a . In both conditions, people almost always observe on the first trial (88% for the static condition, 84% for the dynamic condition). In the static condition the observation rate consistently declines throughout the task, and by the final trial the rate of observation has fallen to 3%. In the dynamic condition, however, the observation rate stabilises throughout the middle portion of the task. From trials 15 to 35, the average observation rate was 23%, and displayed almost no variation over that time frame: the highest observation rate over that range was only 27% (on trial 21) and the lowest was 20% (trial 35). However, with the end of task acting as a deadline that limits the value of new observations even in the dynamic condition, the observation rate declined over the last few trials of the experiment, with observation rates on the final trial being 12%.
As noted in the introduction, the MDP analysis of the observe or bet task makes quite strong predictions about the differences between the two conditions. It does not merely predict higher observations rates in the dynamic condition. Rather, if the demands of different environments are genuinely placing a strong constraint on people's decision making strategies in the task, then the difference between the observation rates across conditions should have the same qualitative character as the curve shown in Figure 2b . We formalize the prediction in Figure 2b using a three segment Bayesian regression model implemented in JAGS (Plummer, 2003) : the first and second segments are linear, while the third is quadratic. The edges of the different segments are treated as latent variables, as are the regression coefficients themselves. The formal specification of the data analysis model is given in the Appendix.
Applying this model to the difference data shows a high degree of agreement. The model fits are shown in Figure 4 . The solid line shows the estimate of the regression function, the shaded regions depict Bayesian 95% credible intervals for the difference at each trial, and the dotted lines show 95% credible intervals for the raw data. The difference between conditions very closely agrees with the qualitative prediction made by the MDP analysis, especially for Games 2-5.
The effect of expectations about change
For the most part, the differences in Figure 3 reflect both the participant strategy choices and the interaction between those strategies and the environment. A more direct measure of how people's expectations influence behavior can be obtained by looking at those cases where the static and dynamic conditions used identical sequences: Game 1 of Version 1, Game 3 of Version 2 and Game 5 of Version 3. The observation profiles for these cases are plotted in Figure 5 , and the differences between conditions and corresponding regression analyses are plotted in Figure 6 . As is clear from inspection of these plots, the effect that we observe on Games 3 and 5 is essentially unchanged from the corresponding plots in Figures 3 and 4. Once people have some familiarity with the task the different observation profiles are heavily driven by their beliefs about the changeability of the environment.
Looking at the profiles for Game 1 in Figures 5 and 6 reveals a subtly different story. In this case participants have no prior experience with the task, no knowledge about when the changes might occur or what form they might take (in the dynamic condition), and as it turns out the actual sequence of observations contained no changes at all regardless of condition. The only difference in this instance is the cover story. The results show a greatly attenuated version of the effect: in the dynamic condition people do make more "late" observations, but there is no equivalent tendency to make more observations in the static condition early in the task. That being said, it is difficult to know how to interpret this pattern: although we included this case in order to have a direct analog of the dynamic condition from Tversky & Edwards (1966) , it is a somewhat odd condition to consider at all, because it is somewhat deceptive. In the dynamic condition participants were told to expect changes, yet in the very first task they undertook there were none to be found. Trial Number Proportion of Observe Actions Figure 3 : Average proportion of observe actions, broken down by trial number, game number and condition. In all cases, participants observe with high probability during the first few trials. Consistent with the qualitative predictions made by the rational analysis, in the static condition the observation rate continues to decline to near zero, whereas in the dynamic condition it tends to plateau at a constant level until near the very end of the task. Trial Number
Proportion of Observe Actions
Figure 5: The effect of expectations about change. Human observation rates in those instances when no changes occurred in the dynamic condition, and thus the stimulus sequence was identical in both the static and dynamic conditions. The pattern of results is consistent with the overall pattern in Figure 3 , illustrating that people's expectation that changes can occur are sufficient to drive a difference in performance. 
Observation strategies at the individual subject level
A second way to examine model predictions is to consider the behavioral patterns produced by the MDP analysis at an individual subjects level when the task is assumed to be static (i.e., Figure 1a ) versus when it is assumed to be dynamic (i.e., Figure 1b ). In the static environment, the optimal strategy for any given instance of the observe or bet task is to have all observations precede all bets. We refer to this as the strict "front loading" strategy, in which all observations come first. The smooth curves shown at the aggregate level arise primarily because of variability in the specific sequence of outcomes. In the dynamic environment, this pattern does not hold. Instead, it is expected that observations be distributed throughout the task even at the individual subject level.
To what extent is this prediction satisfied by human participants? Figure 7 plots the proportion of subjects who follow the strict front loading strategy, broken down by condition and game number. When the environment is dynamic, almost no-one uses this strategy: the proportion of front loading ranges from 5% to 10%, with no discernible pattern across games. The static conditions shows a marked contrast: even on Game 1, the proportion of subjects who strictly front load the observations is 24%. As participants become familiar with the task, this proportion rises rapidly, so that by Game 5 fully 62% of participants are behaving exactly in accordance with the strict front loading strategy.
The analysis depicted in Figure 7 adopts a very strict definition of the front loading strategy. An alternative view is to characterize the observation behavior in terms of the proportion of observations that occur during the first half of the task. Under a front loading strategy, this quantity is expected to be fairly close to 100%. This weaker criterion is almost always satisfied in the static condition: the median value for the first observe or bet game is 87.5%, and is 100% for all subsequent games. Compare this to the corresponding numbers for the dynamic condition, in which participants spread their observations throughout the task. The median proportion of first half observation did not change much across games, ranging from 57% to 60%, and (apart from a small group of subjects who front loaded all their observations) did not vary greatly among individuals. In almost all cases, people made almost as many observations in the second half of the task as Table 1 ). In both plots, "Option A" refers to the more-probable outcome on trial 1. For the dynamic condition, Option A is the better option for the first 17 trials, and Option B is better for the rest of the task. The pattern of bets shown here is grossly typical of all games and sequences.
they did in the first half.
Betting strategies
Up to this point we have focused the discussion on how people choose to allocate their observations, because this is where the MDP analysis makes critical predictions. Nevertheless, it is also instructive to consider the strategies that people use to make bets. To give an illustrative example, Figure 8 plots the proportion of subjects choosing to bet, plotted across all 50 trials for one specific outcome sequence (Game 2, Version 1). In the static condition, the proportion of subjects betting on the better option (Option A) starts at zero and then rises rapidly, levelling out at about 80% of all actions. A similar pattern is seen for Option B, but it levels out at about 15% of actions taken. The remaining 5% of actions are observations. In the dynamic condition, a similar pattern is observed at the beginning, but after the change occurs on trial 17, the betting proportions shift, and people begin to allocate more bets to Option B. Although this figure only plots the data from a single outcome sequence, it is a very typical one.
To draw the curves plotted in Figure 8 we estimated a simple exponential rise to asymptote function for the static condition. The formula for the curve is y(t) = a(1 − e −bt ) where a is the asymptote and b is the rate of change. For the dynamic condition we estimated a two-stage model. Prior to the change point c, we again use the function y(t) = a 1 (1 − e −b 1 t ). For trials t > c after the change point, the curve is an exponential shift-to-asymptote but with a new asymptote and new rate, giving y(t) = y(c) + (a 2 − y(c))(1 − e −b 2 (t−c) ) as the function. There is no theoretical reason for these choices, and other possibilities (e.g., logistic) exist. Moreover, unlike the observation profiles in Figures 4 and 6 we did not have any genuinely a priori hypotheses about the form of the betting curves, and as such we felt it was inappropriate to convert our post hoc curve fitting exercise into a fully-fledged regression model. We fit these curves to the data solely for the purpose of improving the readability of the figure, not to make a substantive claim about human cognition, though we note in passing that this family of curves seems to work quite well across most games and versions.
Examining the responses for the static condition suggests a choice pattern much in line with frequent findings from typical probability learning tasks, and other investigations of the observe or bet task: with some prior task experience (Game 2 and beyond), people over-match when allocating their bets (e.g., Shanks et al., 2002; Rakow et al., 2010) . If we consider only those trials on which participants placed a bet (i.e., ignore observations), Figure 8 implies that by the end of the task participants were allocating about 85% of their bets on Option A.
8 Given that the proportion of Option A outcomes in this particular sequence is only 75%, it would appear that participants did not follow a pure probability matching strategy either (see Vulkan, 2000 , for a review). In other words, while participants did not strictly maximize when placing their bets, they adopted betting strategies that outperformed a simple matching heuristic. However, when we consider the dynamic condition, it is far less clear from this "two part" curve what we should conclude about whether participants were probability matching.
Once again, however, we can turn to the MDP analysis presented in the introduction to assist in understanding participant behavior. As illustrated in Figure 1 , the critical characteristic of the betting strategy adopted by a purely rational agent in this task is internal consistency within a run of bets. That is, if a participant makes a sequence of bets with no observations in between them, a rational agent should place all of those bets on the same option. An optimal decision policy for this task does allow the agent to switch between options, but the MDP model predicts that this can only happen when the agent makes new observations and updates his or her beliefs accordingly. An example of this is shown in Figure 1b : the first three runs of bets made by the MDP model all occur because the evidence has pushed the model's "confidence" above the threshold, and so all bets in those runs are all on the same option. In contrast, the fourth run of bets occurs when new observations push the model to believe the other option is superior, and so all bets within that run are placed on that option. At a qualitative level, this kind of belief change is what underpins the empirical reversal shown on the right hand side of Figure 8 : that is, in a dynamic world participants use their observations to guide belief changes and therefore reversals in their betting strategies. However, the MDP analysis does not merely predict that people will reverse their betting strategies when the world changes: it also makes the prediction that every run of bets should be placed on the same option.
Not surprisingly, only a minority of participants adopt betting strategies that are perfectly consistent with this strict internal consistency requirement. Strict internal consistency was satisfied only in 28% of games in the static condition, and in 21% of games in the dynamic condition. To get a finer grained perspective on the individual behavior, we can disaggregate the data further and look at individual betting runs. When we do so it turns out that there is a remarkably high proportion of consistent runs. Figure 9 plots the number of consistent betting runs (black bars) against the total number of runs (grey bars), broken down by run length and condition. Irrespective of how long the run of bets is and what condition we consider, it is clear that the vast majority of betting runs are in fact perfectly consistent. To give a sense of just how unlikely this is, the white error bars plot the 95% credible interval for the number of consistent runs we would expect if people adopted a probability matching strategy within betting runs. Given the massive overrepresentation of consistent betting runs at almost every run length, it seems safe to conclude that, at a bare minimum, participants betting behavior reflected some form of overmatching strategy.
Discussion
The manipulation produced almost exactly the predicted effect with regards to observation profiles. A surprising proportion of people follow a strict front-loading strategy for their observations in the static condition, while almost nobody does in the dynamic condition. The betting strategies are less straightforward to characterize, and only a minority of participants match the strict internal consistency criterion. Nevertheless, at the level of individual betting runs there is a remarkably high proportion of perfectly consistent betting streaks regardless of how long the run is, a pattern that is grossly inconsistent with the usual probability matching effect. Thus, while not strictly optimal in allocating bets, people were very clearly overmatching to the sequence. A critical point to make about all of these results is that none of them make any sense if (for instance) the tendency to make occasional non-front loaded observations when given static sequences is solely due to cognitive limitations. For instance, if the reason such observations are made is due to memory limitations, of evidence in different environments, why do they observe less often in the first few trials of the dynamic condition and more often thereafter. The MDP analysis explains the asymmetry for the first few trials quite elegantly: formally, the effect is caused by the subtle lowering of the thresholds shown in Figure 1 when the change rate is increased. But the deeper reason for why this threshold shift occurs is the "strike while the iron is hot" effect discussed earlier: if the world can change on you, it is a bad idea to collect too much evidence because it might change before you have the opportunity to exploit the knowledge it provides. Later on, the difference between conditions reflects the obvious "keep your eyes peeled" strategy: if the world can change on you, it is occasionally necessary to shift back to exploratory behavior even after the initial explore to exploit shift has occurred, because when the world changes a previously good strategy can become bad.
One particularly interesting finding with regards to observation strategies is that people did not properly front-load their observations in the first game in the static condition, as one might expect if they were adopting a near optimal strategy (cf. Rakow et al., 2010; Tversky & Edwards, 1966) . On the one hand, the steep rise in front loading rates shown in Figure 7 suggests that people can and do learn the optimal strategy (or something very much like it) from experience, to the point that by the end of a 10 minute task almost two-thirds of participants had discovered the optimal policy. On the other hand, this raises the question of why only about a fifth of participants were able to do so on the first attempt.
Two possibilities suggest themselves. The first possibility is distrust. If participants did not completely trust the cover story presented to them, then it would be foolish to commit to a strict front loading strategy on the first game. More formally, an agent who is uncertain about whether the world can change is obligated to act as if change is a real possibility. In the observe or bet task this means that the agent needs to make observations later in the task in order to infer whether the world can change. Given the number of psychology experiments that involve deception, and (more importantly) the number of real life scenarios when the reality doesn't match the textbook description, one might forgive participants for bringing a certain degree of skepticism to the task.
The second possibility is that participants require trial-by-trial experience in the task before they can fully appreciate the implications of the described problem. That is, in order to hit upon the right strategy (frontloading) they need to experience the differential effect of distributing versus concentrating observation trials (e.g., Newell & Rakow, 2007; Newell et al., 2013) . To a statistically trained reasoner who finds themselves in the static condition, it might be perfectly obvious on the basis of the simple verbal description we provided that the output of the blox machine can be characterized as a Bernoulli sequence with unknown success probability, 10 and such a reasoner might indeed be able to infer that observations should precede actions in all cases when this assumption holds. However, this strikes us as a very abstract form of reasoning, and it is not at all clear that we should expect people to be able to reason optimally about a task with which they have no direct experience.
So which is it? Do people require direct experience of the observe or bet task in order to construct the right strategy, or do they need to be convinced to trust the experimenter in order to be willing to adopt it? It is this question that motivates Experiment 2.
Experiment 2
To tease the two candidate explanations apart, we created a version of the task designed to inspire as much trust as we possibly could. In Experiment 2, we ran the study in the lab, using a physical deck of playing cards to generate random outcomes instead of using a computer to generate (easily faked) outcomes. The task allowed participants to verify that the deck of cards was composed either of 70% red cards or 70% black cards, and to verify that the decks were properly shuffled, but did not allow them to know whether their deck was mostly red or mostly black. Given this, the participants should have no real reason to distrust the scenario, and so if distrust is the explanation, the front loading strategy should be adopted immediately. In contrast, if a lack of trial by trial experience is the explanation, participants would not be expected to front load their observations when doing the task, but they should be expected to realize at the end of the task that their strategy was incorrect.
4.1. Method 4.1.1. Participants 30 undergraduate students (16 female, 14 male) from the University of New South Wales participated in this experiment in exchange for course credit. Additionally, participants could earn a performance based monetary payoff. The average age of participants was 18.8 (sd = 1.4).
Materials and Procedure
In order to maximize trust in the random nature of the sequence, the following procedure was used. Participants were seated at a table across from the experimenter and presented with two decks of 100 cards each, one consisting of only red cards (hearts), the other of only black cards (spades). Participants were given a chance to verify the composition of both card decks before the experimenter visibly exchanged 30 cards between the decks, so that each deck was biased towards either red or black to the same magnitude (70:30). Both decks were then thoroughly randomized using a shuffling machine and placed in transparent containers. These containers were then placed in a larger box. The experimenter shuffled this box with both containers, before the participant randomly picked one of the containers and hence the deck it contained to play with in the guessing game.
After a deck was selected, it was placed face down on a table and the card guessing game commenced. On each trial participants could choose to either observe the top card in the deck (but receive no money) or to guess the color of that card without being shown what it was. With each choice, one card was moved forward, either face down or up, depending on whether the participant had opted to observe that particular card. Cards were not replaced back in to the deck.
11 At the end of the game, participants were informed about their guessing success and payoffs. To help ensure participants were motivated, they were paid on the basis of performance in addition to receiving course credit. For each correct guess, they received AUD$0.10; for each incorrect guess, a loss of AUD$0.10 was incurred. Negative total scores resulted in no payoffs.
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Following the card guessing game, participants were asked to complete a short questionnaire querying their knowledge of the card deck composition and their strategy use during the game. In particular, it asked them to consider four hypothetical choice strategies for the card game: (a) never observe, always guess a color; (b) observe for a few trials at the start of the game; then always guess a colour for the rest of the game; (c) going back and forth between observing and guessing throughout the entire game; and (d) never guess, always observe the card. They were asked to indicate which of these strategies best describes what they did, which one they think would have made the most money, and which one they would follow if they were given the opportunity to do the task again (cf. Koehler & James, 2010) . 
Results
The raw data for the experiment are plotted in Figure 10 , and are consistent with the results for Game 1 of the static condition in Experiment 1, though the data are understandably noisier given the much smaller sample size. Only 5 of the 29 participants (17%) followed the strict front loading strategy, similar to the 24% of participants who did so in Game 1 of the static condition earlier. The median proportion of first half observations was 80.6%, which is broadly consistent with the 87.5% figure from the previous experiment, though the two are not perfectly comparable. Given the different number of trials (100 versus 50) and the fact that a big "spike" of observations is expected right at the beginning, the slightly lower proportion in Experiment 2 makes sense. Similarly, the betting proportions shown in Figure 10 are broadly similar to those shown in the left hand panel of Figure 8 . Overall, the pattern of behavior during the task itself does not show any substantial differences from the previous experiment, which provides suggestive evidence that the measures taken to increase participants' trust in the static world assumption made no difference to performance.
The strongest evidence comes from the post-task questionnaire, the results of which are plotted in Figure 11 . Although only 5 of 30 participants (17%) front loaded all observations in the task, there were 12 participants (40%) who indicated that the front loading strategy was the one they had followed. This discrepancy presumably reflects the fact that many people front loaded most observations but not all of them. The critical finding is that a much larger proportion of participants agreed that the front loading strategy would have won the most money (22 of 30, or 73%) and indicated that they would follow such a strategy if given the opportunity to do so next time (23 of 30, or 77%). To check that these results do not simply reflect chance variation in a small sample, we ran Bayesian tests for the equality of proportions under an Figure 11: Actual and reported strategies for how observations should be distributed, along with participants' judgments as to which strategy maximizes profits and which would be followed next time. Not shown is the one participant who responded with a "no observation" strategy to all questions. assumption of uniform priors over proportions: the Bayes factor of 1871:1 in favor of the alternative model is strong evidence that the difference between the 40% of people who say they front loaded and 77% of people who say they would do so next time is not due to chance. Moreover, of the 12 subjects who said they front loaded their observations during the task, only 1 (8%) indicated that they would switch to a distributed observation strategy. In contrast, of the 16 subjects who indicated that they had distributed their observations during the task, 12 (75%) indicated that they would switch strategies. Again, we apply a Bayesian test for equality of proportions, and obtain odds of 22467:1 in favour of the hypothesis that people were more willing to switch from distributed observations to a front loading strategy than vice versa.
Discussion
In Experiment 2, where we provided people with very obvious evidence that the outcome sequences were not rigged in any way, we found no substantial deviations from the strategies that people adopted in Experiment 1. On the other hand, in the post experimental questionnaire, we found very strong evidence that those participants who had not initially followed the optimal strategy were able to recognize that they had not done so, and correctly identified what strategy they should follow next time. This is entirely consistent with the fact that in Experiment 1, where participants were allowed to play repeated games, this is exactly the shift that happened. Taken together, the results suggest that the need for trial by trial experience, rather than distrust, is the correct explanation. People do not necessarily infer the optimal decision strategy for the task purely on the basis of a verbal description: they require direct experience of the task in order to do so (cf Newell & Rakow, 2007; Newell et al., 2013) .
Four Process Models for the Observe or Bet Task
At the start of the paper we presented the MDP analysis as a rational analysis of the observe or bet task, and used it to motivate testable predictions about how people's behavior should differ in the static and dynamic versions of the problem. Inspired by the MDP model we now introduce a simple approximation to the rational model that can be used to investigate human performance on the observe or bet task in more detail. The model is fairly straightfoward, and consists of a simple evidence accrual rule and a simple but noisy decision rule.
Evidence Accrual Rules
The learner maintains an evidence tally that starts at zero. Every time an outcome is observed the tally either increases or decreases by 1. Formally, we let x t = 1 if the learner observes outcome A on trial t, x t = −1 if the learner observes outcome B, and x t = 0 if nothing is observed because the learner chose to bet on trial t. In the simplest version of the model, the total amount of evidence available at the end of trial t is given by the simple rule:
In essence, the evidence tally after t trials is simply the number of observed A outcomes minus the number of observed B outcomes. However, there are good reasons to think that people might weight recent observations more heavily than older ones. The most obvious reason is that, in the dynamic condition in particular, people might have reason to believe that the world has changed and old observations are no longer relevant. Alternatively, people might simply fail to remember older observations. Consistent with the "constant probability of change" dynamic model used in our MDP analysis, we propose a simple heuristic in which older evidence decays exponentially, losing some proportion α of its evidentiary value on each trial:
Because α governs the rate at which the evidentiary value of observations diminishes over time we refer to it as the evidence decay parameter. When α = 0 there is no evidence decay and the evidence accumulation process is equivalent to Equation 4. At the other extreme when α = 1 all older evidence is completely discarded, and the learner relies solely on the most recent event.
Noisy Responses
What action does the learner take on trial t given that they have evidence e t ? According to the fully optimal MDP analysis, participants should follow the decision strategy outlined in Figure 1 . That is, the learner has a "decision threshold" d t that determines when to observe and when to bet. If the evidence available meets this threshold (i.e., |e t | ≥ d t ) then the learner should place a bet, but if it does not (i.e., |e t | < d t ) then they should make another observation. The heuristic model is essentially a noisy version of the same rule. To capture this, we assume normally distributed noise terms n t , where the noise on each trial is generated from a normal distribution with mean 0 and standard deviation σ. Given these assumptions, the probability that the learner bets on trial t is given by:
In this expression, Φ(·) is the cumulative distribution function for a standard normal, and because σ governs the amount of noise in the decision process we refer to it as the response stochasticity parameter.
Decision Thresholds
The final ingredient in the model is the form of the decision threshold itself. The simplest version of the model assumes that the decision threshold is a constant value, d. Despite its simplicity, this is at odds with the predictions of the MDP model. As Figure 1 illustrates, the rational analysis of the observe or bet task predicts that, at a minimum, the decision threshold d t is not constant and should decline over time. A simple version of this is instantiated by assuming that the decision thresholds are initially flat, but after some "critical" trial they start to decline towards some final value (which may not be zero). We do not claim that this "piecewise linear" model is especially realistic, but it captures the key qualitative idea in a fairly simple way.
Evaluating Four Models of the Task
The previous discussion suggests four versions of the model. In the full version of the model we allow for the possibility that evidence might decay and allow for declining thresholds using the piecewise linear model. Three alternative models could be produced by removing one or both of these properties. Curiously, all four versions of the model can be viewed as variations on sequential sampling models used in the simple decision making literature (Ratcliff & Smith, 2004) . For instance, if the evidence tally does not decay and the decision threshold is constant, we obtain a random walk model that is similar in spirit to the highlysuccessful Weiner diffusion model (Ratcliff, 1978) . If the decision threshold remains constant and evidence can decay, the resulting model is more closely related to the Ornstein-Uhlenbeck diffusion model and other leaky accumulators (Smith, 2000; Usher & McClelland, 2001) . In other contexts researchers have argued that when decision deadlines exist the decision threshold should decline over time in a fashion similar to the behavior of the MDP model (Frazier & Yu, 2007) , a topic that has been somewhat contentious in the literature on simple decisions (see, e.g., Shadlen & Kiani, 2013; Hawkins et al., 2015) In light of the existing evidence that the "sequential sampling" framework can be productively applied as models of strategic "high level" decision making tasks (Lee & Cummins, 2004; Lee & Corlett, 2003; Lee & Dry, 2006; Newell & Lee, 2011; Lee et al., 2014) , there are good a priori reasons to think that all four models are psychologically plausible. However, only the full model captures all of the qualitatively important principles embodied by the MDP analysis. If it is truly the case that people are sensitive to the structure of the observe or bet task, we should find that the full model is necessary to account for our data. On the other hand, if people are simply relying on more general strategies, there is no reason to expect this result.
We implemented all four models as hierarchical Bayesian models in JAGS, and estimated model parameters using the data from Experiment 1 (see Appendix for details). As it turns out, the full model provides a good fit to the data but the other three models all show theoretically-significant qualitative failures. To illustrate the basic problem, Figure 12 plots the posterior predictive values (i.e., model fit) for the observation probabilities in Game 3 of the dynamic condition. Each panel corresponds to one of the four models. When the model is allowed to incorporate declining thresholds (top row) it is able to capture the way in Table 3 : Quantitative measures of the performance of four different models. The table reports sum squared errors (SSE) for all four models separately for the first 10 trials, the middle 30 trials, and the final 10 trials. A fit is deemed "adequate" (and shown in italics) if for a given condition and trial block if it is not more than 50% worse than the best performing model. The only model that consistently provides adequate fit is the model that allows declining thresholds and evidence decay (shown in bold). Game 2 Game 3 Game 4 Game 5which the observation rate falls off over the last 10 trials of the experiment, whereas models with fixed thresholds (bottom row) cannot do so. When the model does not allow for evidence decay (right panels) it cannot simultaneously capture the very high observation rates in the first few trials and the moderate observation rate through the middle of the experiment. When evidence decay is allowed (left panels) it can do so. Notwithstanding the fact that the full model is necessarily the most complex of the four, there is clear evidence that this complexity is necessary. The three other models all show failures to capture theoretically important trends in the data. This intuition is quantified in Table 3 , which reports model fits separately for the early trials (1-10), middle trials (11-40) and end trials (41-50). Consistent with the predictions of the MDP analysis, the only process model that consistently provides acceptable fits to the observation profiles at every stage of the task is one that allows for evidentiary decay and declining thresholds.
Model Specification
Model Performance at the Aggregate and Individual Subject Level
Before discussing the parameter estimates that emerge from the full model, it is useful to get a sense of how well the full model works. To that end, Figure 13 plots the model fits for all five games in both conditions of Experiment 1.
14 As these plots make clear, the model fits at an aggregate level are in very close agreement with the empirical data. There is a slight tendency for the model to underestimate the amount of observation that takes place on the first two trials in the dynamic condition, but this is the only systematic failure.
Moving beyond comparisons at the aggregate level, our approach allows us to go further and examine how well the model captures the behavior of individual subjects. Specifically, we can use the estimated model parameters to construct an "evidence accumulation plot" similar to Figure 1 for every participant and every game. The Bayesian data analysis allows us to reconstruct a best estimate of the decision threshold d t for each person, as well as estimates of the evidence decay parameter α and the response stochasticity σ. When combined with the empirical data we can estimate the subjective evidence e t available to each person on every trial. Not every participant is captured well by the model, but given the nature of the data (i.e., each game is just a binary sequence of 50 observe/bet choices) a remarkably large number of them are.
To illustrate the general patterns of variability that the model identifies, eight examples of these estimates are plotted in Figure 14 .
15 As this plot illustrates there are a range of individual subject strategies that are captured by the model. For instance, panels (a), (b), (c) and (e) all show a participant engaging in a pure "front loading" strategy. Participants (a), (b) and (c) all show variations on this strategy: differences in decision threshold d t produce differences in the number of trials for which the particpant observes (4, 8 and 15, respectively) before switching to a betting-only phase. Because these participants never switch back to observations, the model estimates very small values of α and σ. Moreover, although this strategy was widespread in the static condition, there are some examples of it (e.g., panel (e)) that appeared -somewhat inappropriately -in the dynamic condition.
Many participants adopted a strategy that involved frequent switching between betting and observation, as illustrated in panels (d), (f), (g) and (h). As noted earlier, this was far more common in the dynamic condition than in the static condition. Because it is somewhat difficult to predict precisely when people make these switches, the values of σ do tend to be larger in this case, as illustrated by the wider bands plotted in dotted lines. However, it is also notable that the model does tend to extract meaningful patterns from the switches. For instance, consider the participants plotted in panels (d) and (f). Although the participant in panel (f) makes more observations (20 to 15), this is almost entirely due to the fact that panel (f) shows data from the dynamic condition, and the additional observations occur around trial 20-25 shortly after the change point that occurred on trial 17. As the plot makes clear, at this point the participant made a sequence of 6 consective observations that allowed them to detect the change and pushed the evidence tally from below the lower threshold to above the upper threshold. In contrast, the behavior shown in panel (d) comes from the static condition: although the participant periodically made some observations, the evidence tally tended to remain below the lower threshold throughout the entire task.
A final comparison worth noting is between the data sets shown in panel (g) and panel (h). In both cases the model estimates a very high evidentiary decay parameter (α = .25), but the decision thresholds are very different in both cases. In panel (g), the participant has very low thresholds, and so what we see is that this person makes one observation followed by a short betting run, followed by another observation and a short betting run, and so on. There is only one occasion where this person made consecutive observations. In contrast, the very high thresholds used by the participant in panel (h) leads them to make 37 consecutive observations at the start of the task, followed by an alternating cycle of bets and observations across the last few trials.
Parameter Estimates
An interesting picture emerges when we look at the distribution of parameter estimates. For instance, although the heuristic model incorporates the idea that the evidentiary value of observations can decay over time, it is agnostic as to the reason why this occurs. According to the MDP model, the evidentiary value decays because the learner believes that the world might have changed, and as such it makes the strong Figure 14 : Reconstructions of individual subject strategies. Each plot depicts the strategy of a single participant in Game 2 Version 1. In each plot, the solid black lines plot the decision threshold dt. However, because responses are assumed to be noisy, the decision threshold is "soft": the black line plots the point at which people are equally likely to bet as to observe. To represent the amount of noise, the dotted lines plot one standard deviation σ above and below the decision threshold. Black circles denote trials where the participant observed an A outcome, white circles denote trials where they observed a B outcome, and grey circles indicate a bet. Note that in the dynamic condition the change event occurred on trial 17. Error bars depict 95% credible intervals constructed using the Bayesian bootstrap (Rubin, 1981) . Figure 16: Evidence thresholds inferred for participants in Experiment 1. Plots are averaged across participants and across all three versions of the task. Consistent with the predictions made using the MDP model, the evidence thresholds are consistently higher in the static condition than in the dynamic condition, especially early in the task.
prediction that the evidence decay rate α should be high in the dynamic condition and very low in the static condition. As Figure 15a shows, this is precisely what happens. Not only that, there is a modest learning effect: in the static condition the median value of α is 0.034 on Game 1, which then declines to 0.014 on Game 2 and stays roughly constant for the remainder of the experiment. In the dynamic condition, on the other hand, median α for Game 1 is 0.125, and rises gradually across games until it reaches a value of 0.180 by Game 5. It is worth noting that this pattern is not an artifact of people's responses becoming less variable across games in the static condition and more variable in the dynamic condition. Indeed, as Figure 15b illustrates, the response stochasticity parameter σ shows a somewhat different pattern. Although it does show a decline across games in the static condition, it does not show any substantial trend across games in the dynamic condition.
Another respect in which people's performance mirrors the qualitative predictions of the MDP model emerges when we look at the estimated thresholds (averaged across participants) for each game and condition. In Figure 1 we saw that the optimal MDP policy predicts that the decision thresholds should be lower in the dynamic condition than in the static condition. As Figure 16 illustrates, this is exactly what we find. For all five games, the thresholds in the static condition start out much higher than their counterpars in the dynamic condition, but decline much faster so that by the final trial they are very similar.
General Discussion
Making good decisions in everyday life requires people to make an exploration-exploitation trade-off. On the one hand, we cannot make good choices if we do not explore our environment to learn its structure. On the other hand, we cannot gain rewards if we do not exploit our knowledge of this structure to guide our actions and make rewarding choices. The observe or bet task introduced by Tversky & Edwards (1966) represents a very clean experimental tool for investigating how people solve this problem.
Our rational analysis of this task motivated novel predictions and novel process models for this particular kind of (under-researched) "pure" explore-exploit dilemma in static environments as well as in dynamic ones. The conclusion offered by Tversky & Edwards (1966) -that participants failed to adopt a normative strategy -is at odds with our overall interpretation, and yet the original paper does in some ways foreshadow our findings. In their work Tversky and Edwards included a condition in which participants were (falsely) told that the outcome probabilities might change, and they noted that people did tend to make more observations as a consequence. However, as our analysis of the task indicates, there is a lot more subtlety to the task than this rather trivial result suggests. Optimal behavior in a dynamic environment does not simply involve making more observations in order to monitor a changing world; it also requires the learner to lower their evidence thresholds in order to "strike while the iron is hot". Similarly optimal behavior in short tasks with known time horizons (like the 50 trial observe or bet problems) requires that people be sensitive to the short time horizon for the problem, so evidence thresholds should decline over time. In all these respects, people show a striking agreement with the optimal decision strategy.
As noted in the introduction the specific combination of a task in which exploration and exploitation are cleanly separated (cf. Sang et al., 2011) and the use of static and dynamic environments allows for insights that go beyond existing investigations of standard bandit problems. Our conclusions about the remarkable (qualitative) optimality of participants is based both on the simple data analysis (e.g., Figures 3, 7 and 9) and from fitting a process model to the aggregate and individual data (e.g., Figures 12 and 14) . Both types of analyses point to the same conclusion: although people might not behave in a strictly optimal manner, they show an acute sensitivity to the dynamics of the environment, and they show rapid improvement in selecting the correct action (observe or bet) as they gain experience in the task.
These findings are broadly consistent with more standard tasks in which either exploration and exploitation are conflated (to some degree), or static and dynamic tasks are examined in isolation. For instance, there is evidence for something akin to the front-loading we observed in an exclusively static bandit task: Zhang & Yu (2013a) present evidence suggesting that people tend to engage in more exploratory actions early in a bandit problem, though this conclusion was based on a heuristic that defined "exploratory" as "switching options after a win". Similarly, Zhang & Yu (2013b) adopt a modeling approach for bandit problems that incorporates a "forgetfulness" parameter that has similarities to our approach to handling evidentiary decay. Relatedly, in dynamic versions of the bandit problem (i.e., "restless" bandits) there is evidence that people continue to switch between options throughout the task (e.g., Speekenbrink & Konstantinidis, 2014 , consistent with what we find in the dynamic observe or bet task. Moreover, formal analysis of what people should do in a dynamic variant of the standard bandit problem has found people's behavior consistent with an ideal actor model in some but not all respects: although decision makers update beliefs in an optimally reflexive manner, they fail to utilize these beliefs fully for optimal long-term planning (Knox et al., 2011 ; see also Gureckis & Love, 2009 for a similar conclusion regarding the sub-optimality of long-term strategies).
This overall conclusion that participants can approximate optimal solutions but fall short in various (instructive) ways echoes our own findings. For example, one systematic violation of the MDP prediction found here was that in both experiments, people seem to show larger departures on the first observe or bet task they encounter. In the static condition, only a minority of participants realized that front loading observations was the optimal strategy for the task, consistent with the original results by Tversky & Edwards (1966) and those of Rakow et al. (2010) . However, it turns out that this special case is actually the exception and not the rule. When we explicitly asked people what they had learned from a single observe or bet game (Experiment 2) almost everyone agreed that front loading was the optimal strategy and indicated that this is what they would do in future games. Moreover, when they were given the opportunities to play repeated games (Experiment 1) people did in fact make this shift, even though they were given no explicit prompt to consider alternative strategies. This latter finding resonates with Rakow et al. (2010) who found that across six consecutive 100 trial games of the static observe-or-bet task, participants slowly learned to distribute sequences of observations more optimally, and with the work of (Sang et al., 2011) who also found that people learned with experience in a related task. Interestingly, the improvement in the Rakow et al. study emerged despite withholding accuracy feedback until the completion of all six games. This contrasts with Experiment 1 in which detailed feedback was provided at the end of each game. The relatively modest improvements in frontloading behavior observed by Rakow et al. (2010) , in contrast to the clear jump in performance between Game 1 and Game 2 of Experiment 1 highlights the power of combining trial-by-trial experience with feedback in tasks of this kind (Newell & Rakow, 2007) .
How should we reconcile the fact that people show remarkable similarities to the behavior of an optimal agent, yet also fail to perfectly optimize their strategies? One possibility is that human decision makers simplify the complexity of the problem and thereby produce approximate solutions. The dynamic programming method that we used to compute optimal MDP solutions does not scale well to large real world problems, which makes it impractical for any real world agent (see, e.g., van Rooij et al., in press, for discussion). In contrast, the process models used in later in the paper are comparatively simple, and in that sense are much more cognitively plausible. However, the heuristic models are very task specific: while the MDP approach can be generalized to other decision making tasks such as bandit problems, the same cannot be said for the process models. There are a number of more general possiblities for generating heuristics from the MDP approach. For instance, machine learning solutions to realistic sequential decision problems tend to rely on methods that produce approximate solutions rather than exact ones (e.g., Thrun, 1999; Pineau et al., 2003; Silver & Veness, 2010) .
Many of these approximate planning algorithms bear similarities to methods currently used by psychologists designing approximately rational cognitive models. For instance, particle filtering is a tool often used when approximating Bayesian learners (e.g., Sanborn et al., 2010; Brown & Steyvers, 2009) , and can be naturally extended to approximate optimal decision making (Silver & Veness, 2010) . These particle based methods are very similar to simple "mental simulation" models of sequential and multi-stage decision making (e.g., Hotaling & Busemeyer, 2012) , and represent a promising method for connecting the optimal solution to plausible planning algorithms.
A second perspective emerges when we consider that the most salient deviation from the optimal strategy occurs the first time people need to solve the static version of the task. Moreover the form of the departure is quite striking: by default, people adopt a strategy of repeated switching between observation and betting, a strategy that is far better suited to the dynamic task than the static one. One reason why we might expect to see this kind of systematic departure was hinted at in the introduction: so many problems in real life involve dynamic environments, and it makes sense that people's default strategies would be better suited to such a world. Relatedly, it appears that mistaking a changing world for a static one in our task is a "worse" failure than the reverse, in the sense that the rewards lost by observing too often in the static task turn out to be smaller than those lost by failing to detect changes in the dynamic one (see Navarro & Newell, 2014, for discussion) . If this asymmetry holds more generally, then a default strategy of acting as if changes are possible makes a good deal of sense.
More generally, these observations highlight the value of studying human behavior in changing environments. The problem, as we see it, is that human cognition is adapted either via evolution or prior learning to operate in changing and responsive worlds. This matters: as noted by many authors (e.g., Jordan & Russell, 1999) , the structure of the operating environment imposes strong constraints on how an intelligent agent can be built. This basic idea underpins both the "fast and frugal heuristics" literature (e.g., Simon, 1956; Gigerenzer & Brighton, 2009 ) as well as the "rational analysis" approach to building cognitive models (e.g., Anderson, 1990) . From this viewpoint, one might argue that studying human cognition in an unchanging world can be like studying the aerodynamic properties of an octopus: technically possible, because water and air are both fluids, but frustrating and misleading because it ignores what the organism is designed to do.
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Appendix A.1. Optimal behavior in the static task Consider the simpler case when the world is static (i.e., α = 0). At any given point in time t, the agent has made some number of observations n. Let n 1 denote the number of times a "blue" outcome has been observed, and let n 2 denote the number of times a "red" outcome has been seen. These observations do not allow the learner to fully identify the state of the world, since the actual probability θ remains unknown (we can drop the subscript t in this situation because θ never changes). Instead, what it determines is a belief state b t . If our agent is a Bayesian reasoner, then the belief state b t corresponds to the posterior distribution P (θ|n 1 , n 2 ). Because each observation is an independent Bernoulli trial with rate parameter θ, this belief state is:
However, while the belief state comprises a complete distribution over possible values of θ, the properties of the beta distribution mean that it is straightforward to compute the expected probability that the next trial will result in a "blue" outcome (i.e., expected value of θ)
Viewed as a reinforcement learning problem (i.e. a partially observable Markov decision policy, or POMDP), it is now possible to directly specify the expected reward that will be received on trial t + 1 given that the learner is in belief state b t on trial t and undertakes action a. Define a = 0 to be the "observe" action, a = 1 to be the "bet blue" action, and a = 2 to be "bet red" action. The expected reward r t+1 for moving out of belief state b t via action a is given by:
Similarly, it is straightforward to define the transition probabilities that describe how the belief state will change as a function of the actions that the agent makes. If the agent bets (i.e., a = 1 or a = 2), then no observations are made available, so the belief state does not change (i.e., b t+1 = b t with probability 1). On the other hand, if the agent observed (i.e., a = 0) then b t+1 = Beta(φ + n 1 + 1, φ + n 2 ) with probability n1+φ n1+n2+2φ
Beta(φ + n 1 , φ + n 2 + 1) with probability n2+φ n1+n2+2φ
This defines a very simple POMDP for which we can infer the optimal policy using value iteration. Because the relationship between observations and beliefs is so simple, the size of the set of actually-reachable beliefs is the same as the size of the set of observation states (i.e., possible values for n 1 and n 2 ) so we don't need to do anything complicated. The utility of any given belief state b t on trial t is given by Bellman's equation. The only subtle thing to note is that, because rewards in the observe or bet task are given contingent on the previous action, the "immediate" reward for state b t is in fact determined by r a t+1 , the reward for moving into the next trial after taking action a. (One simply has to remember that even the final trial of the experiment generates a reward, even though no follow up action is possible). When written this way, the utilities must satisfy:
This is a slightly unusual way to write Bellman's equations, because the usual specification of the MDP problem assumes that the reward generated by any state is independent of the action that brought you into it, and this does not hold for the observe or bet task. The optimal policy shown in Figure 1a is computed using this specification of the problem. Strictly speaking, the decision policy is defined with respect to the two counts, n 1 and n 2 as well as the trial number t, but it turns out that the difference n 1 − n 2 and the trial number t are very nearly a sufficient statistic for determining the action, and for this reason the decision policies discussed in the main text define the policy in those terms.
Appendix A.2. Optimal behavior in the dynamic task
Computing optimal policies for dynamic environments is more difficult. A slightly simplified way of computing decision policies in the dynamic version of the task is outlined below. Suppose the learner believes that on every trial there is some probability that the outcome probability θ is redrawn, as per the generative model discussed at the beginning. That is, what happens if the agent sets α > 0? Again, let's start with a slightly simpler case than the full problem facing the human participants. Suppose that the change points were actually announced to participants when they occurred. What this would mean is that the learner knows the true values for n 1 and n 2 , where n 1 and n 2 now refer to the number of observed "blue" and "red" outcomes since the most recent change. Under these conditions, the POMDP analysis proceeds exactly as before, except that the transition rule for the belief states when an observe action (a = 0) is made now becomes:
Beta(φ + n 1 + 1, φ + n 2 ) with probability (1 − α) n1+φ n1+n2+2φ
Beta(φ + n 1 , φ + n 2 + 1) with probability (1 − α) n2+φ n1+n2+2φ
Beta(φ, φ) with probability α and when a bet action is made it becomes b t+1 = Beta(φ + n 1 , φ + n 2 ) with probability (1 − α) Beta(φ, φ) with probability α
In other words, the agent knows that on every trial it will be sent back to the beginning state (i.e. zero relevant observations) with probability α. This by itself has an effect on the optimal policy. It is this specification of the problem that leads to the policy shown in Figure 1b That being said, the actual belief state b t for a Bayesian learner in the dynamic task is somewhat more complicated than simply counting n 1 and n 2 . Because the actual change point is unobserved, the learner must maintain a full posterior distribution over n 1 and n 2 given the observations that have been made. This posterior distribution can be efficiently estimated using particle filtering, and we approximate the behavior of the optimal learner by choosing to bet only if the posterior expected value of n 1 − n 2 exceeds the relevant threshold.
Appendix B. Data analysis model
One advantage to the MDP analysis is that it yields a genuine prediction about the experiment, one that is not especially dependent on free parameters. Specifically, it predicts a very distinctive profile for the difference in observation rates between conditions: an initial decline, followed by a sharp rise, followed by a curvilinear pattern. However, on its own the model does not go further than this qualitative prediction. It does not in any meaningful sense specify a complete probabilistic model for human responses on any given trial. One possibility when analyzing empirical data in light of such predictions is to augment the ideal observer model with additional assumptions about response generation (e.g., Navarro et al., 2012; Hemmer et al., in press) and then use Bayesian methods for our data analysis. Unfortunately, the complexity of the MDP model makes that infeasible in this case because of the difficulty even to extract a prediction from the model. An alternative possibility is to begin with the key qualitative constraint, and then construct a proper statistical model that embodies exactly that constraint. This idea has considerable merit in its own right: previous authors have argued that cognitive models are typically intended only to specify qualitative predictions (Pitt et al., 2006) , and if so it makes sense to assess them in such terms. For the observation rates data, the "decline, then rise, then curve" prediction corresponds to the following non-linear regression spline model: The two black dots mark the locations of the change points, c 1 and c 2 . The intercept is denoted b 0 , the slope of the first segment is b 1 , the slope of the second segment is b 2 , and the curvature of the third segment is b 3 .
The general form of the regression function is inspired by the MDP analysis, but we set diffuse priors over the regression parameters. Priors over the b coefficients are normal with mean µ = 0 and precision τ = 10 −4 . The prior over the precision τ of the data is a gamma with shape and scale of 10 −3 . Priors over the location of change points are set to be similarly diffuse.
For the evidence decay parameter α, in those models that allowed values other than α = 0, we adopted the following prior: α i ∼ Beta(a 1 + 1, a 2 + 1) a j ∼ Gamma(1, 1)
Depending on whether the model allowed declining thresholds or not, the decision threshold d t could be described in one of two ways. In both cases, there was an "initial value" for the decision threshold d 0 for which the following hierarchical prior was used:
If the model allowed declining thresholds we also included an "end value" for the decision threshold d 1 that indicated the evidence level required to justify betting on the final trial. The prior over this parameter was specified in the same way as the prior over the initial threshold:
Finally, in order to capture the idea that the threshold stays flat for some number of trials and only then begins to decline, we included a threshold-change parameter c that indicated the proportion of trials over which the initial flat region extends (e.g., if c = .2 then the threshold stays flat for the first 20% of trials; i.e., first 10 trials) and then declines linearly. The prior over c was specified as:
It should be noted that these priors were adopted primarily for convenience. We ran a few additional simulations to check that the model is robust to the choice of prior. Overall, we found that although there is some sensitivity to the precise model specification (e.g., the inferred shapes for the decision thresholds seem to be somewhat less than robust) the theoretically important results are not sensitive to the prior: across many different versions of the prior we found that the full model (i.e., declining thresholds plus evidence decay) performed best, and that the parameter estimates across different games and conditions always showed the same qualitative pattern as those shown in Figure 15 .
Appendix D. List of sequences used in Experiment 1
In abstract terms, the stimuli in an observe or bet task can be characterized as a binary sequence of outcomes, with 0s corresponding to one outcome and 1s corresponding to the other. The stimulus sequences used in the static condition were as follows: Version 1, Game 1 00000100001000000100000011000000010000001001011000 Version 1, Game 2 00001010110000000010010000010000011000000100001110 Version 1, Game 3 11111011011111111111100011101111010110001101111011 Version 1, Game 4 00000000000101100010011110000000000000101011000000 Version 1, Game 5 11111111101111101101111110110011101111111110111110 Version 2, Game 1 00000001100100010110000010000001101000010010010000 Version 2, Game 2 00001010011000000100000000100110010110001000011000 Version 2, Game 3 00000001000001010000000100101010111000000000100100 Version 2, Game 4 01010110101100111110011111111111101110011111111111 Version 2, Game 5 10101111111111111111100111101111110100011111011111 Version 3, Game 1 01110101011110111111111111111101111011101111101111 Version 3, Game 2 11101111101111111111011111111010111011011110011111 Version 3, Game 3 00000000110110000000000000000010000000001010000000 Version 3, Game 4 11110111111111110111000111111101110110111111111111 Version 3, Game 5 11110010011111101001011011111111110111100111101111
The stimulus sequences used in the dynamic condition were as follows. Trials listed in italics correspond to events that occurred after the change point:
Version 1, Game 1 00000100001000000100000011000000010000001001011000 Version 1, Game 2 00001010110000001101101111101111100111111011110001 Version 1, Game 3 11111011011111111111100010010000101001110010000100 Version 1, Game 4 00000000000101100010011110001111111111010100111111 Version 1, Game 5 11111111101111101101100001001100010000000001000001 Version 2, Game 1 00000001100100010110000010000001100111101101101111 Version 2, Game 2 00001010011000011011111111011001101001110111100111 Version 2, Game 3 00000001000001010000000100101010111000000000100100 Version 2, Game 4 01010110101100111111100000000000010001100000000000 Version 2, Game 5 10101111111111111000011000010000001011100000100000 Version 3, Game 1 01110101011110111111110000000010000100010000010000 Version 3, Game 2 11101111101111110000100000000101000100100001100000 Version 3, Game 3 00000000110110000011111111111101111111110101111111 Version 3, Game 4 11110111111111110110111000000010001001000000000000 Version 3, Game 5 11110010011111101001011011111111110111100111101111
